We provide a factorization model for the continuous internal Hom, in the homotopy category of k-linear dgcategories, between dg-categories of equivariant factorizations. This motivates a notion, similar to that of Kuznetsov, which we call the extended Hochschild cohomology algebra of the category of equivariant factorizations. In some cases of geometric interest, extended Hochschild cohomology contains Hochschild cohomology as a subalgebra and Hochschild homology as a homogeneous component. We use our factorization model for the internal Hom to calculate the extended Hochschild cohomology for equivariant factorizations on affine space.
Introduction
The subject of matrix factorizations has, in recent years, found itself at the crossroads between commutative algebra, homological algebra, theoretical physics, and algebraic geometry. One of the deepest manifestations of this junction is D. Orlov's σ -model/Landau-Ginzburg correspondence [Orl09] which intimately links projective varieties to equivariant factorization categories. With Orlov's work as inspiration, this paper provides a thorough investigation of equivariant factorizations in broad generality. The central technical result is a factorization model for B. Töen's internal Hom dg-category [Toë07] between these dg-categories. The novelty lies in the range of applications, including those to classical problems in algebraic geometry and Hodge theory.
In this article, we will examine some of the more immediate consequences of the main result, such as some special cases of the Hodge conjecture and a new proof of Griffith's classical result [Gri69] relating the Dolbeault cohomology of a complex projective hypersurface to the Jacobian algebra of its defining polynomial. In the sequel to this article [BFK13], we will construct categorical coverings, calculate Rouquier dimension, investigate Orlov spectra, and connect our work to Homological Mirror Symmetry, all as applications of the central theorem presented here. Now, before we delve into detailed statements, let us try to provide some context for the results.
Perhaps the simplest class of singular rings is that of hypersurface rings, i.e. rings which are the quotient of a regular ring by a single element (also called hypersurface singularities). In the foundational paper, [Eis80], D. Eisenbud introduced matrix factorizations and demonstrated their precise relationship with maximal Cohen-Macaulay (MCM) modules over a hypersurface singularity. Building on Eisenbud's description, R.-O. Buchweitz introduced the proper categorical framework in [Buc86] . Buchweitz showed that the homotopy category of matrix factorizations, the stable category of MCM modules over the associated hypersurface ring, and the stable derived category of the associated hypersurface ring are all equivalent descriptions of the same triangulated category.
Outside of commutative algebra, interest in matrix factorizations grew due to intimate connections with physics; physical theories with potentials, called Landau-Ginzburg models, are ubiquitous. Building on the large body of work on Landau-Ginzburg models without boundary, (see, for example, C. Vafa's computation, [Vaf91], of the closed string topological sector as the Jacobian algebra of the potential), M. Kontsevich proposed matrix factorizations as the appropriate category of D-branes for the topological B-model in the presence of a potential [KL03a, Section 7.1].
In physics, A. Kapustin and Y. Li confirmed Kontsevich's prediction and gave a mathematically conjectural description of the Chern character map and the pairing on Hochschild homology for the category of matrix factorizations, [KL03a, KL03b] .
In mathematics, several foundational papers by Orlov soon followed: [Orl04, Orl06, Orl09]. In particular, Orlov gave a global model for the stable bounded derived category of a Noetherian scheme possessing enough locally-free sheaves. He called this the category of singularities. Orlov also proved that the category of B-branes for an LGmodel is equivalent to the coproduct of the categories of singularities of the fibers, and, to reiterate, the main inspiration for this work was the tight relationship he provided between the bounded derived categories of coherent sheaves on a projective hypersurface and the equivariant factorization category of affine space together with the defining polynomial.
In another early development, signaling the fertility of the marriage of physical inspiration to matrix factorizations, M. Khovanov and L. Rozansky categorified the HOM-FLY polynomial using matrix factorizations, [KR08a, KR08b] . In the process, Khovanov and Rozansky also introduced several important ideas to the study of matrix factorizations. Central to their work is a construction which associates functors between categories of matrix factorizations to matrix factorizations of the difference potential. A strong, and precise, analogy exists between Khovanov and Rozansky's construction and the calculus of kernels of integral transforms between derived categories of coherent sheaves on algebraic varieties. Through this analogy, factorizations of the difference potential can be viewed as categorified correspondences for factorization categories.
Numerous further articles have elucidated the connection between factorization categories and Hodge theory. In [KKP08], the third author, Kontsevich, and T. Pantev give explicit constructions describing the Hodge theory associated to the category of matrix factorizations. For the case of an isolated local hypersurface singularity, T. Dyckerhoff proved, in [Dyc11] , that the category of kernels introduced in [KR08a] is the correct
